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On the Calculation of Cold Forming Residual Stresses

M. A. Shama, B.Sc., Ph. D.™}

Summary )

A method is given for calculating the magnitude and distri-
bution of cold forming residual stresses. The method is based
“on the exponential idealization of the stress-strain diagram of
the material and takes into account the deformed shape of the
cross-section,

The method is used to investigate the effects of the relevant
parameters on the magnitude and distribution of cold forming
residual stresses for rectangular section beams, It is shown that
the degree of bend and section deformatidn, resulting from
plastic bending, have a marked influence on the magnitude and
distribution of cold forming residual stresses.

Introduction

Cold forming of plates and sections is widely used in several
industries, particularly in the shipbuilding industry, as it is po-
tentially the most economic method used for forming ship
plates and frames, This method of forming raises several prob-
lems, among them is residual stresses [1].

Residual stresses mey also result from several other sources,
such as welding, gas cutting, etc. [2]. These residual stresses
.when superimposed may weaken the fatigue resistance of the
material, may have an adverse effect on the yield strength, may
‘impair the buckling strength of columns [3], and may also pro-
mote the initiation and propagation of brittle fracture {4].

Apart from structural strength considerations, cold forming
residual stresses can give rise to considerable distortions during
‘the prefabrication and assembly stages of a ship (1]. In the
shipbuilding industry, the elimination of these distortions has
great ecopomic advantages,

In order to assess their adverse effect, cold forming residual
stresses should te accurately determined in terms of their mag-
nitude and distribution. In reference {5], the effects of the
shape of stress-strain diagram and section particulars on the
magnitude and distribution of cold forming residual stresses are
investigated and discussed.

In this paper an attempt is made to calculate the magnitude
and distribution of cold forming residual stresses using the ex-
ponential idealization of the stress-strain diagram of the mate-
rial, and also the deformed ‘shape of the cross section. The
method is applied to rectangular section beams to investigate
the effects of the degree of bend and the deformation of the
cross section on the magnitude and distribution of cold formmg
residual stresses.

List of Symbols

The following symbols and notation are used in the paper:

A total cross sectional area
a constant
d depth of rectangular section beam

*) Assoc. Prof., ‘Naval Architecture Dept.,
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e true strain )

principal strains in the tangential, radial and trans-
verse directions respectively

half dgpth of rectangular section

h, ht distances of extreme fibre;-in the comprcssxon and
tension rcgrongrespectrvely, from neutral axis

K degree of bend*(K-= Pq /d)

M beriding moment

N.A. neutral axis

n constant

R radius of curvature at a depth y from N A,

tg original thickness of rectangular section beam

t thickness - ’

te by thickness of section in the compression and tension
regions, after plastic bending, at distances £y from

. N.A.

X distance from centroidal axis

y distance from N.A.

y distance of centroid of an element from N.A.

a true stress

(Ge)x elastic stressata drstance x from the centroidal axis

ay yield stress

(ab)y bending stress at a depth y from N.A.

(ar)y residual stress at a depth y from N.A.

Gg, Og» Oz principal stresses in the tangential, radial and trans-
verse directions respectively

€ conventional strain

€y yield strain - .

) distance between centroidal and neutral axes,
G=y—-x)

Mo e numerical factors

0 an angle representing the degree of bend

p radius of curvature attained by N.A.

Py P outer and inner radii of curvature

Method of Calculation

The magnitude and distribution of cold forming residuz
stresses depend on the magnitude and distribution of the bend:
ing stress (0, ) and the elastic unloading stress (0,). The calce
lation of Oy and o, depends on the assumed shape of the
stress-strain diagram, shape of. cross-section and the degree o
bend [5].

In the following analysis, the calculation of cold forming re
sidual stresses is based on the true shape of the stress-strain diz
gram and takes into account the section deformation resultin:
from plastic bending.

It is 2ssumed that the tnie shape of the stress-strain diagras
could be represented by [6]:
1
o=%a.e" (1
where ¢ = log.(14€); 0 and ¢ = true stress and strain respective
ly; 2 and n are constants depending on the material used.

For, shrpbuxldmg steel, the mean values of a and n are ¢
follows: v
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n= 54

The calculation of cold forming rcsiduai stresses is summa-
rised in the Jollowing steps:

a. Bending Stress Distribution

The bending stress distribution across the depth of any sec-
tion is directly: obtained from the stress-strain rclatxons}up as
follows:

1/n

o =*a.e

b ) (2
where e = log(R/p).
The # sign indicates tensile or compressive stresses, and

therefore depends on the direction of bending.

b. Elastic Unloading Stress Distribution

The unloading stress distribution is calculated using the sim-
plz beam theory-as follows:

(Ge)y = }% x (3)
where x = vy — § = distance from centroidal axis; § = distance

between centroidal and neutral axes; M =
and is calculated as follows:

bending moment;

A A
M=<{.ob'y'dA=<{a-cun'-y-dA (4)
where A = total area of the section.

The bending moment could be calculated as follows:

A, 1 Ae 1
M=Za.el
N Q

where ?'t and y, are the distax.lccs of the centroids of dA, and
dA, respectively from N.A.; dAt and dA, are elementary areas

in the tension and compression regions respectively and are
given by:

dAt =t dy
and l (6
dA =t.-dy

‘ where t. and t, are the thickness of the element dy in the com-
pression and tension rezions respectively,
Substituting (6) into (5) we get:
S | 1
M= Ea el dy+E a-e".y_-t.-dy N
h, -

In the case of flanged, sections such as T-section, O.B.P. or
an angle, which are normally used in welded ship constructxons
the web and the flange are treated separately.

¢. Residual Stress Distribution

The residual stress distribution, across the depth of any sec-
tion, is the resultant of the bending and unloading stress distri-
butions, and therefore is given by:

(ol',)y =+ (ob)y F(0.)x - (8)
where (Or) ; = residual stress at a depth y from N.A.

Substituting for (ob) from (2) and (0.), from (3) into (8),
we get:
(o), =xa-msMy_s5 ©®)

s

where M is calculated from expression (7).

— n — -
-yt-dAt+§a-c Yo dA, (5)

Expression (9) gives the distnbution of cold forming re
al stresses across the depth of any sectioa.

Residual Stress Distribution Across the Depth of a
Rectangular Section

The above general method is used to calculate the dist
tion of cold forming residual stresses across the depth of a
tangular section beam of depth d-and thickness t.

Due to plastic bending, the beam thickness will increa:
the compression region and will decrease in the tension reg
The variation in the thickness across the depth of the sectic
calculated in Appendix (I) and is given by:

te=n"t,

=mcty,
where:

Ne = (%)p :

M= (%)q . -
and: '

l+2loz(%)
P=——>5—
2+log(il)
q=310"1(6)—‘2)—2
°'*R

Substituting (10) into (7) we get:
h
t o —
M=a. to{% <;l/n "?g'yg'AYt*' Eh °Un'1?c‘ Ve Ayc]
. . . e

where Ay = an element of depth Ay and at a distance ¥ {
N.A; h, and h, are the distances of extreme fibre on the

sion and compression regions respectively from N.A.

The computation of M could be performed by dividing
distances ht and h_ respectively into m equally spaced i=ter

Hence: (y,); = Ay,- (- _;_)

and (T = Ave- (- 2)

where i=1,2,3...m
Ay, = l%

and Ay, = :;—f

For a rectangular section beam, it could be assumed thz
cifect of thickness variation on the magnitude of the se
moment of area of the section is negligibleie., the seconc

ment of area is given by:

3
~ to.-d

12

Substituting for M and I from (i2) and (13) respec=ive
(9), we get:

1 ht_l.
(ax)y =%+a-e"% 12 Ec

43 nt-}’t-Ayt+

Jr=

° .
n —
+31 e -‘r’c.yc.Ayc
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It is clear from expression (14) that, for rectangular section

beams, the cold forming residual strcss distribution does not

_ depend on the magnitude of the beam thickness, but it depends
on the variation in thickness across the beam depth.

The above method of calculation is used to compute the
residual stress distribution for rectangular section bcams having
the following charactcpstxcs’

1. The depth of section varies from 5.0 cm to 20.0 cm cvcry
50 cm.

2. The degree of bcnd varies from 2.0 to 20.0 cvcry 2.0.

! L
Z_

elastic bending plasiic bending

Fig. 1

section residun) siresses

sirsas

_The degree of btend is given by K, where K=p_/d and p_ =
radius of curvature at the convex side cf the bent beam.

Results of Calculations

The results of th= above calculations are given and analysed
in terms of:

1. Effg:ét of the degree of bend on the magniiude and distribu-

tion of cold forming residual stresses.

2. Effect of plastic deformation of a rectangular section on the .

magnitude and distribution of cold forming residual stresses,

Fig. 3
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From these figures, it is clzar that when 2 < k < 8 the de-
gree of bend has a remarkable influence on the magnitude and
distribution of residual stresses. When k > 8, the degree of
bend has a small effect on resdual stresses.

The effect of degree of bead on the magnitude and distri-
bution of residual stresses for 2 beam having a depth=10.0cm,
is given quantitatively in the following table:

sl
%/oy ot K/D FROM MA. ON THE CONCAYE SiDE
wh ~ RAD FROM N.A. ON THE CONYEX siDE
(T3
Lo
3 _
‘ 040} %Ary AT THE TIP OF THE CONYEX SOE
YY1 5
%Ay AT THE TIP OF THE CONCAYE SI0€ -
040~ . . :
020k YARIABLE  THICKRESS
3 — ——— CONSTANT  ~
PRI U S U SEPU SR B | 1 1 !
0 10 40 €0 $0. 100 120 40 160 180 200
. — R
Fig. 2

These two items are considered in some detail:

1. Effect of degree of bend. .

Fig. (2) shows the effect of degree of bend on the magni-
tude of residual stresses at the extreme fibre in the tension and
compression regions and -also at a distance of approximatcly
*5% of thc beam depth from the neutral axis of the bent
beam.

v

Fig. (3) shows the effect of degree of bend on the distribu-
tion of residual stresses’across the beam depth.
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Table I
Convex side Concave side

k=40 k=120 k=40 k=120
Y, o /oy | ¥, oo, | Ye 0 /0y | Ye o/oy
0.5358(+1.21210.5108{ +0.965 { 0.4641|~1.219}0.4891 ]-0.968
1.0717|+1.09211.0217}+0.87% | 0.9282|-1.14310.9782 |-0.887
1.6076| +0.89811.5326{ +0.724 { 1.39231-0.995{1.4673|-0.749
2.1435] +0.670(2.0435] +0.547 | 1.8564 {—0.81411.9564 {—0.584
2.6794| +0.423(2.5543] 40,355 | 2.3205 |-0.6152.4456[—0.404
3.2153| +0.163]3.0652] +0.153 | 2.7846}-0.40412.9347{-0.214
3,75121-0.10613.5761{—0.056 | 3.2487|-0.18413.4238-0.016
4.2871]-0.382{4.0870|—0.271 | 3.7128 | +0.04213.9129| +0.186
4.8230}-0.663 4.’5978 —0.490 | 4.1769{+40.27414.4021 [ +0.393
5.3589 —-0.949]5.1087|-0.715 4.6410 | +0.509]4.9812} +0.603

2. Effect of thxckncss variation

Due to plastic bending, the beam thickness wxll no longe

be constant but will undergo a reduction, in the tension regior
and an increase, in the compression region. This variation i
thickness will certainly affect the position of the neutral ax
of the section.

Fig. (4) shows the effect of the degree of bend on the pos
tion of the neutral axis for different depths of the rectanguk
section. These curves are represented in Fig. (5) in a non-dime:
sional form. : - -
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Fig. (2) shows the effect of thickness variation on the mag-
nitude of residual stresses at the tip and near the ngutral axis,

Fig. (6) shows the effect of thickness variation on the distri-
bution of residual stresses across the depth of section.

It is shown that the thickness variation has also a significant
influence on the magnitude and distribution of residual stresses
and on the position of the neutral axis of the section.

Fora rectangular section beam having a depth d and bent to
a sharp curvature given by k, the neutral axis positicn and tip
residual stresses can be obtained from Figs. (5) and (2) respec-
tively.

Canclusions

From the foregoing results and analysis, it is concluded that

“the degree of bend and the plastic deformation of the cross-

section have a marked influence on the mzznitude and distri-
bution of residual stresses and also on the position of the neu-
tral axis of the section. ’

It should be emphasised that the accurate assessment of the
magnitude and distribution of cold forming residual stresses
may help predicting the anticipated distortions resulting from
any of the post-forming operations. These expected distortions
could then be taken into account in the forming stage so as to
improve the accuracy of the prefabricated units, and subse-
quently reduce assembly times and rectification costs.

Appendix |

Variation of thickness across th.;: depth of section.

Due to plastic bending, the beam thickness will increase in.

the corrip;ession region and decrease in the tension region. In
order todetermine this variation in thickness, which is assumed

- to be due to bending action only, the following empirical rela-

ticns are used, [7]:

a. Condition of constancy of volume:

ie. dc6+ch+dcl =0 . -

b. The relationship between the principal stresses and stra
in the plastic stage:

doo - daR "doo —do, doR ~do,

ie. = =
dee —_ ch dco —.dcz ch — d¢:z

In addition to (a) and (b), the following equilibrivm ¢
ditions should be satisfied:

EFR = 0 and EFT=0

where Fp and FT are the forces acting in the radial and tang
tial directions respectively. T

It is assumed that only welded ship constructions are ¢

sidered, i.e. only. deep sections of the plate type are dealt w
(e.g. off-set bulb plate (O.B.P.), T-section, angle or flat bar).

It should also be noted that, since we are dealing with re
tively deep sections, a plane stress condition is assumed. F
ther, if it is assumed that the ratios between the princi
stresses remain constant [8] during loading and also that t
principal directions remain fixed during the deformation,
pressions (1) and (2) could be simplified to:

egtep te, = 0 4 (
_RT%

s

% — %% _ 9% %

and =
g —CR ™ €5

Fig. 6 .

Schiff & Halfen, Heft

12/1674, 26. Jenrcang E



i.c. total plastic_strains are used instead of incremental strains

e, = log(t/ty) 0]
¢g = 1o&(R/p) (i)

The calculation of the variation in thickness will be treated
separately for the tension and compression regions, using the
above assumptions and relations,

!

where

1. Variation in Thickness across the Tension Region
- In this case, it is assumed that the web of the section is sub-
jected to the tensile bending stresses, i.c. 0y is tensile.

Since there is no lateral loadmg, le.0, = 0 expression (5) is
simplified as follows:

00 - OR _ 09 _ OR (6)
S — °g _°6_°z tg — ¢
Substituting ep from (4) into (6) we get:
9% eg + 2e,
GRFo; 3 ™

In order to determine e, from expression (7), the relation-.

ship between oy and 0y should be determined. This could be
achieved by considering the equilibrium of an element in the

outer edge

Fig.7

N

vertical direction, see rxg (7), which ‘should satisfy the con-
dition: .

. EFR =0
which gives:
(oi{+06)dR = —R-dop (8)

Assuming that Tresca yield criterion is valid (8), the condi-
tion of yielding of material is given by:

Tgtog =0, &)
Substituting condition (9) into (8), we get: B

ay-dR =—daf'{-R . -
. Poy _
ie. Iog(i-) = aR/ay
Hence: P

Og = 0,- log(i°) (10)
or: ’ P

og = (0g +0p) - log(i—) an

L o + 0y o
Substituting for —5— from (11) into (7), we get:
R
. c
e, = __ 6 . . Q12)

pO
3 (log —i) -2

. S'ubstituting for. ¢, and ce‘from_(i) and (ii) into (12), we get:

1150 *Schiff & Hafen, _Heﬂ 12/1974, 26. Jahrgang

where:

3005—9)—
Exprcssxon (13) gives the thickness at any depth y from N
in the tension region and could be simplified by: .
=Mt

where = numerical factor representing the reduction

thickness.
= R/p) (

2. Variation in Thickness across the Compr'é'ssion Region
In this case, it is assumed that the web of the seciion is s

Jectcd to the compressnve bending strcsscs ie. 0y is compr
sive,

The equilibrium of an eilement in the compression regic
ie. X FR = 0 gives

(oR—oe)dR = —R-daR (1

Assuming that Tresca yield criterion is 2lso valid (8), t
condition of yielding of material is given by:

- 0g—0Og =0, (1

Substituting for (06 - oR) from (17) into (16), we zet:

ay-dR = R-doR.
Hence: R

o9 =0y'103(‘—,;) ' o (1.
or: )

og = (05 = 0g)- 1og(§) (1

Expression (18), or (19), gives the disiibution of radi

-stresses across the depth of the compression ragion.

Expression (6) could be written as follows:

% "% _ %6 "R
OR tR — ¢
% — %
Substituting for er from condition (4) and ior 5 Iro:
(19), we get: R
—1log R~ 2(log ‘—
p
log (X) = =
Y 200e 108
Le. R\P
tc =ty - (/—)) (2C
" where: 2 (log %)+ 1
= - (2

log (R—.) +2

Expression (20) glVCS the thickness at z=v depth ¥

N.A. in the compression region and could be smplified k=

C = nC' ° . :
where .= numerical factor representing th= increase jn “hic,
ness -~

_ (RyP
.n —(—p)

(20



Calculation ot the Fosition of Ncutral A xis

The position of ncutral axis could be determined by equa-
ting the radial stresses at the neutral axis for both the tension
and compression regions,

From Appendix (I}, the radial stresses in the tension and
compression regions are given by:

P

(0g), = 0y~ log(R) o (a)

(0)c = 0, - log(X) (v
! !

where (OR)t and (OR)C are rhe radial stresses in the tension and
compression regions respectively.

Since at R = p, (0g), and (oR)c should be equal, then we
have: .

Po. p
108(3) = log(pi)
P =Npip,

Therefore, for a rectangular section beam of depth d, and
outer radius p_, we have:

r vr’o\r'c> My
he ® p,—p
he = p—p,
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